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Introductione.
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In the theory of cosmic rays the following
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integrals occur

where o« , A and y are functions of r.
TwWo cases are congidered herecs

. 0,0245 -
Tirst case: a,~m~mhw¥H2 (0.0.5)
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F = pﬁﬂ.?‘:)ﬁm (14_433@)@ (Ou@q?(}}

where r, o = (a+r23_£ar cos © )< and a denotes a positive constant.
}

In this report the behaviour of J¥(B) for small positive and
for large pogitive values of B is considereds, Furthermore there
are given numerical values of the functions J(r), J%(B) and K for
certain values of a in both cases.



1. Expansion of J™(B) for sn

We split up the demain D of integzration (O;;r?@..
three domains:

Dlz Ozéééﬁ.% - @g@rﬁ«%
1/18
D2° Og_r?ﬁ B
and D3: D - D1 — D2 .

Let j(b) be defineg as the:wﬁ;guvﬂ,e rtended over the region D of‘th@

| o7 ~br=5 .,
int egr&'ﬂd (1“ C or ) (1"“" o bI‘ 3(1 , 5{% ’{'rz” £ ar cos Q )
1,

The integral over Iﬁ is called h(b), that over'I@ is called i(b)
and finally that over Dy is called 1(b), so that

i(b) = h(v) + i(b) + 1(v).

2. Integration over the domain D..
— T wbr;3 waEB
On D, we can expand the function (1-e " ) (1-e ) in a power-
series of b, since on D, holds 7, = & and I, = a/?2.
The function h(b) appears to be egual to
o0 o P
=0 / D -2
be *// r(1-¢" "% Tar {(a2+r2)2m4a2r“0082@} T deteees
r=0 (1.2 1)

We know already:

D » — -
J/ {(a2+r2)2 —~ 4&“r20032@1 - de = (a2+r2) 3(1-~k2) liE(k)
© =0 (1.2.2)
where k = 2 ar{a“+r") and PN{k) denotes the elliptic

function ~f the second kinds
if we substitute this result into (1.2.,1) we find

/2

rg)mz,E(k)dr+a..

(ln 2&3}



1t follows that
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This integral has to be expanded for smell positive values of b. To
this end we use the method described in Theorem 5 6f MR 11 of the
Computation Department of the Mathematical Centrey Then w '5

We will now compute the integrals occurring in (1,2.5).
The first and second term give the following results:

a.nd b(=

A F A . 28 (1.2.7)

ing r = (buml)l/B. This inte-~

The third term can be computed by wr:
gral is then equal TO:

— . 3 k) . - .__.Z.T;,,ﬁ.:__ } dr (1.2.8)

o
20,

The last integral does not depend on b, so the third term 1s of the

order b- .



in the integrand of (1.2.8) one can derive that the th
approximately equal to

ird term 1is

T .3

0,0341 7 a '.b

From the relations (1.2.6), (1.2.7)

n(b) = - 2z T (-2/5)p% ... (1.2.10)
2=

5. Integratiorn over the domain D5

Bl T TP

In order to compute the contribution i(b) we substitute u.xb:r:‘"""..':.,3

-

and find:

i(b)= 2 68/ Z(u)ufS/B(lme“u)du

b
_,5/6
with
erQ )
2{u) = w// T I TR e T E AT TR
= {g(a trou b } {43 r ~{a"+r ~u b 7)Yl
T_Rl |
Wl-th Rl - a - u"‘“l/3 bl/3 and Rg = 8 - uml/:)) b1/3 » (14&5&10 >
Using the substitutions v = w /3 13 ang
r = a + puwl/é ‘t:)l/f5
the equation (1.3%3.1) changes into the expression
1(b) — %" b8/3 (1“‘“@”11)11“5/3 f(V)ndV (li5mﬁ?)
with
G (a+) V) ° dp
f( v ).....-:. v RV 0 A A w4 — -

_Aafpv) dp . | -
AL 22+ 2apvipy” >“"V2} 2{432( a+pv) °=[ 2a%+2apv=( 1-p“W ] 2}”

we have only to derive the first term of the power series of f(v),

This term is found to be equal to



-1

+ ] .
_ _ _ L 7 -

-1

By using the results of (1l.2.6) and (1.3+3) we have

() = - 2o T (=2/30%% + ... (1.3.4)
242,

Integration: over D32

In this domain we find

1(b) = b f/ r3.r7% ¥ ar de+ ... (1.4.2)
>3

p

We have to remark that the remainder term is of the order b~, SO
that we need not to calculate terms of higher order occurring in the

expansions for h(b) and i(b).

S~ the final result 1s:

5 T (-2 v¥3 4 o) (1.4.2)

6. Behaviour fTor large positive b:

. _ -0
The integration domain D 1s splitted up 1Into D4 (O=rs=s bl/3 :

/3-8 - f 200, O = ©=X) with & > O but small

0= © = %) and D (b
with respect to 1/3. Tet 14 be the integral extended over the reglo..

D and I. be the integral extended %ver D-.
& > ~-br— 2 ~p3¢
In the domain D, we have 1-¢e ~ 1 + 0(e ) and
“briﬁz ___bBJ
1-¢ c .~ 1 + 0(e ) for large vpositive values of b and
conseguently
7 . 2/3-28 _p2°
I~ Z v {1+o<e ) 1 (1.6.1)
4~ 7 ] _
-~ ~1/3+ ¢
In the domain Dg we have Ty = T & O(b 1/3+ ¢ ); v, =T+ 0(b 1/3 ) .
Hence oo
77 ___‘b ”3 _ ¢ _ 35
Ig ~ 3 / r(1-e" % Y2 ar + o(pTT3C 70T ) (1.0.2)

b1/3--c5



If we write now u = br

O
g // r(l-g
~ &
r:'bl/3 ¢

e

we deduce from (1.6.2)

I T oz
)% ar = - E o0 rea/3) [145M /% 1~22/3>j 522

Furthermore g“bz/B // u“5/9 (lwo“u)3 du

o)~ g 52/ i(l s (1“22/3)} r("2/3)b2/3+ 0(e™"



Introductions:

In this Chapter we will g
- ,

R(B)= / rdr Y,
, == O B8 = O

for small and large positive values of D.

In (2-0.1) the functions « , 8 and y are given by the relations:

_ /3
L = % (1 + 41")6 4r (Ewﬂwg;)
2/3
/2 = — (1 + 471, )e 4ry (2,0.3)
rl 1
2/ 3
y = —= (1 + 4r )emﬁ'r? (2.0.4)
r2 &

ant.

The integration domain D will again be splitted up into three
domains:

D,: O=rs a/2y O0=6= T/
DE; 0= rg‘é + with t a positive constant

DB: D“Dl“"Dz ¢
Now the integral over Dl is called m(b), the integral over ngf 18
called n(b) and finally the integral over D; is called p(b).

l. Estimation of m (b) for small positive

.
o il

.

In this domain we expand the function (1—~e”bﬁ’ )(1~e*b7 ) in a

p-werseries of b. Furthermore since

178
| /ﬁ | * _ - b
‘ [ pB.y de l 18 bounded and ll»—-e , < bex
O
we find
{m(b)i < g C < 7‘& Ml with M > C

and M1> O .

(2.1.1)
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2. Treatment of the integral in the domain D,.
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In D2 we can estimate the integral by writing

(1“e"b“)(1”e”b@): b%@a,+ e, 1t follows then

7'm4r2/3 ~4r2/3
n(b)= b ? /f (1+4r) (1+4rl)r{""o L e (lme"b?f)dr 36+, .«
D) (2.2.1)

-1 «---««-43:"2/5 w4r2/5
The function (1+4r)(l+d4r,)r,~e 1 e is positive in D,

and is furthermore bounded in.DZ.
Therefore we have

n(p)| < M, b CZIJA/ (1~e“b3')deadr! with 1, > O. (242.2)
D
D

&
If we now substitute r = a Cc0s 6 +(a2 sin2€>+ r%)“ we get final ly
t bg sin:2 )
| o 2 2 / -b ¥ 2 .. 2 2N\=F 4 A
n(b)| < M2 b~ ¢ rz(lwe ) h/, (a"sin"e +r2) de <
O O
where M4 is a positive constant.
3. Ihe domain.gs.
Now we can expand the integrand and we find easlly
p(b) — b3 CB /f I . ﬂﬁbf dr ae PR (213-1)
Y3

According to (2.,1.1), (2.2.3) and (2.3.1) it follows therefore:

=
bW5/2 R(b) — .bf;:3 O(l> + o 8 (2*5'2)

4. Behaviour for largec B:

el W gy el

We devide the integration domain D into two paris. In.Eh and Ib
the variables r and € satisfy the following inequaliltles:

where & 1s a small positive

number.

3
Dis O=sr=0b /2 . 0= 6= g:

DZ‘: D - Dln

b

After writing l-e < 1l, it follows that the integral over‘Dl 1S
7T

smaller than 7 b< . (2.4.1)



In the domain D2 holds » ~ 1

more o, A and ¥ are exponer

Combining (2.4.1) and (2.4.2) we find:

b“5/2 R(Db) wb“5/2 0(1) . _ (2.4.3)

5. SUMmMary.

Combining the results of Chapter I and LTI we
casec after having substituted ™ = 0,0245 b into 1.4

b“5/2 J*(b)= 0,13%2 107

and 3;
PP R (!
mll/ﬁ + “1“3/6"2& ~D ). (1:2'5‘;3>

for large positive D and with {‘; a
small positive number.

For the second case we have according to (2.3.2) and (2.4.3)

3. .
b“B/Q R{(b) = b~.0(1) for small positive Db, (2.5.3,

and

I

bmﬁ/z R(b) b"5/2 O(1) for large positive D. (2.5.4) .



CHAPTER II1

l. Method of computatilon.
In order to compute J(r) and K according to (0.0.3) and (0.0.4)

we change the triple integral into a double integral.

We define the function:
OO

P(ay 6, 7)= [ B2/2 (1272 (1-07 ) (2-¢7"7)aB (3,1,0)
O

Now we determine the derivatives with respect to o« , A and T+ 1t

follows

00
- — — - B
O
5 oo
o “F _ -5 —=Bx _—Bpg ~B7 |
ryuia B e e (1-e )dB (3+1.2)
O
and o0
5 i _ —
_o~F _ _ / B 2 o B +4+7) iB= 3 V7 (o +p+7) 3/2 (341e3)
0xX OBy
O
Furthermore holds F(0, 2, 7 )= O (3eled)
._%.C.:g (0090927')3 O (3-1-5)
32}? . 1 4")
fole ol (0e;2,0)= 0 & (3.1.6

If we integrate the equation (3.1.3) three times and use the
conditions (%.1.4), (3.1.5) and (3.1.6) we get finally'

F(O'C'?ﬁ? aﬂ): %\/7? [ ”(O{+ﬁ+3’)5/2+(®+ﬁ5)3/2+ (05-4‘3")3/24’(/5'1‘3’)3/2” CK,’JS/ A _

..../63/2 _ 33/2J (ZeleT)

According to (3.1.0) we can write J(r) and K as a function of

F(ox 5 /3 5 a”> 77/2

J(r)= / r T, p,7)de (3.1.8)
K = / J(r)dr ' (3.1.9)
0

The function rF(«,p,y) was tabulated as a function of r and © .
The function J(r) was ~btained by numerical integration. In the

same way the function J¥(B) and the number K was defined for
several a's,



2. Numerical values,

The functions J(r) and K were computed for the following values

of a:

The function J (B) was computed for a = 0,1 and a

0.005; 0.01; 0.05;

18t case
a=0,005
T TOé?J(r)

0.0000 0
0.0005 129
5.0010 238
0.0015 319
0.0020 365
0.0025 3TH
0.0030 354
0.0035 314
0.0040 260
C.0045 225
0.0050 186
0.0055 153
0.0060 126
0.0065 104
0.0070 86
0.,0C75 72
0.0080 60
0.0085 51
0.0090 43
0.0095 37
0.0100 3

K = 1895

.13 0.5;

W W = U O N

o o o

QD SR SR YU Y

1

0.0005
0.0010
0.0015
0.0020
0.0025
0.0030
0.0035
0.0040
0.0045
0.0050
0.0055
0.0060
0.0065
0.0070
0.0075
0 .0080
0.0085
0.0090
0.0095
0.0100
0.0105
0.0110
0.0115
0.,0120
0.0125
0.0130
0.0135

1226
1115
1006
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WSt case
a=0,0b
J(r) g
, O 0.15
ON 7T5.5 0.20
.02 115.3 0.25
0% 111.8 0.30
04 35 0.3%5
05 59.2 0 .40
06 30,8 Q.45
07 27,2 0.50
08 19.0
ole | 3.6
10 9.9
K = 6.04
WSt case
a=0.5
105J(r) T
0 1.00
05 1.287 1.10
10 2.383% 1,20
15 3.189 1.30
.20 3,645 1,40
25 %, 744 1.50
. 30 3.537 1 .60
. 35 3,146 1.70
Ri%e 2.6903 1.80
45 2.254 1.90
.50 1,864 2.00
,60 1,258 2 .50
, 70 0.859 3,00
. 80 0.600 3,50
.90 0.430 4,00
K = 0.0190

C—1
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o o O O O o O O O O Cc o o O O

i""'w‘;
e’

029
048

040
034
015
.004
002
, 007

(r)

. 215
.235

. 180
. 139
,110
.088

S O O O O O O O O O

O O

Q.
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.010
.020
. 030
.040
,050
,060
.O70
, 080
,090

_—
o O
\J1 O

150

O

o o o O O O O —- = O O O O

008

. 219
. 200

.648

O O O O O O O O O O O O

C O O vt o Uy O W O

7D
, 200

225
. 250
275
., 300
400
. 500
.600
, 700
,800

=

ON U

0.,003%36

o O O O O O O O C O O

. 002

1073 (r)

0.
0.
0.
, 455
. 38
, 328
,282
L1142
, 078
045
,032
,019

C

o O O O O O O O O

729
031
D50



i

a

0
0.00005
0.00010
0.00025
0.00050
0.00100
0.0050 N
0.01000
0.02000
0.03000
0.04000
0.05000
0 .06000
0.,07000
0.08000
0.09000
0.10000
0 .15000
0. 20000
0 .50000
1.00000
5 ,00000

10.00000

20 00000

50.,00000

"
SRy

case
O.1

7 (B)

O
25 . 24
20 .4
28. 17
28.98
29.41
24 415
18,10
11.42
7.955
5.906
4597
5. 708
3.070
2+ 530
24220
1.907
1.066
0.688
0,157
0.0480
0.00278
0.000797
0.000227
0.000043%4

1% -

13

0,025
0,050
0.075
0.100
0,200
0.300
0,400
0,500
1.000

3+ 000
5000
10,000
20,000
100,000
1000,000
10000 000




0.0000
0.0005
0.,0010
0.0015
0.0020
0.0025
0.0030
0.0035
0.0040
0.0045
0.0050
- 0.0055
0.0060
0.0065
5.0070
J.007H5
0.0080
0.0085
0.0090
0,0005
- 0.0100

end case
a=0,005

ﬁ0“1.J(r) r

O 0.0200
0.0846 0.0300
0.1460 0.0400
0.1955 0.0500
0.2340 0.0600
0.266L4 0.0700
0.2905 0 .0800
0.3103 0.0900
0.3%267 0.1000
0.3%381 0.2000
0.3567 0 .3000
0.3346 0.4000
0.3264 0.5000
0.3%125 0.6000
0.3008 0.7000
0.2934 0.3000
0.283%5 1.0000
0.2756 1.2000
0.2678 1.4000
0.2601 1.6000
0.2529 1.8000

K . 197

0.000

0.001

0.002

0.003

0.00k4

0.005

0.006

0.007

0,008

0.0082
0.0084
0.0086
0,0088
0,0090
00,0092
0 0004
0,.0096
00,0008
0.0100
0,0102
0,0104
0.0106
0,0108
0,0110
0.0112
0.0114
0.0116
0,0118
0,0120
0.0130

L
A

~
| C

0.471
0.22¢C
0.134
0.084
0.055
0.05%7
0.020
0.018

1.0000 0.009

an case
a=0.,01
J(r)
O |
0.559
0.967
1.287
1.545
1.753
1.915
2,040 0.0250
2,132 0.0300
2,148 0.0350
2,162 0.0400
2,176 0.0450
24191
2,203 0.0600
0.0700
2.224 0.0800
24,23 0.0900
2,241 0.1000
2,259 0.2000
2,230 0.3000
2,216 0.4000
2.201 0.5000
2,188 0 .6000
2,170 0.7000
2,154 0.8000
24137
2,122 41,2000
2,105 1. 4000
2,090 1.,6000
2,017 1 .,3000
K = 0.183

0.005

YA

0.C01
C.000



o o o O O o O o O C O O O o O O O

050
. 055
. 060
. 065
.070
075
. 080
. 085
.090
. 085
. 100
. 105
.110
115
. 120
.125
. 130
135
140
145

0.397

0.347
0.3%38
0.326
0.316

na
fo case

a=0.,05

K = 0.135

0.150
0.155
0.160
0.165
0.170
0.175
0,180
0.185
0.190
0.195
0,200
0.250
0.300
0.350
0.400
0.450
0.500
0.550
0.600
0.700
0.800
0.900
1.000
1.100
1.200
1.200
1. 400
1.500
1,600




Enﬁ ngse
a=0,5
r lO*l.J(r)
0.00 O
0.05 0.1308
0.10 0.2305
Q.15 0.3%503%0
0.20 0.3498
0 e25 Oe37373
0. 30 0.3773
0«35 0.3658
0 « 40 0.%439
0«45 0,.,3159
0.50 0.2876
0«60 02147
070 0.1596
O.80 0.1182
0.90 0.0874
1.00 0.0648
1.10 0.0481
120 0 ,03F0
1.3%0 0.0267
1.40 0.0200
1.50 0.0151
1.60 0.0114
170 0.0086
1.80 0.0064
1.90 02,0050
2 « 00 0.003%8
2« 90 0.0010
%.00 00,0001
350 C.0000
K= 00,0245

an case
a=1

T 1072 .5(r)
0O 0
0.1 0e228
Oa 2 0.406
03 0.528
0.4 0.588
05 0595
Qb 04562
0.7 0,496
0¢3 0ead23
0.9 0.349
1.0 0.285
1.1 0222
1.2 O.174
Led 0,136
1.4 0106
1.5 0.032
1.5 0.063%
Lo 0,050
1.3 C.039
LeY 0.031
2¢0 0.024
2.5 0.007
5.0 0.002

K = 0.,00549



O » Q 1 Sle
000800

0.00518
0.003%60
0,00255
0.000996
0.000309
0.0000886

. 1 @ @ ,.% ) i
0.1778,107°
0,16574107"
0.1255,107°
O#O7Q5,1Q”§



